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Abstract 

In this paper we will analyse a noncommutative deformation of the 
ABJM theory in A'^ = 1 superspace formalism. We will then analyse the 
BRST and the anti-BRST symmetries for this deformed ABJM theory, in 
linear as well as non-linear gauges. We will show that the sum of gauge 
fixing term and the ghost term for this deformed ABJM theory can be 
expressed as a combination of the total BRST and the total anti-BRST 
variation, in Landau and non-linear gauges. We will show that in Landau 
and Curci-Ferrari gauges this deformed ABJM theory is invariant under 
a additional set of symmetry transformations. We will also discuss the 
effect that the addition of a bare mass term has on this theory. 
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1 Introduction 

The construction of a action for M-theory at low energies with manifest N = 8 
superconformal symmetry has led to the discovery of the Bagger and Lambert 
action with a Lie 3-algebra [I]-[S]. However, only one example of such a such 3- 
algebra is known and so far the rank of the gauge group has not been increased. 
But a U{N)k X U{N)-k superconformal Chern-Simons-matter theory with level 
k and —k with arbitrary rank and N — 6 supersymmetry has been constructed 
[7]. This theory called the ABJM theory is thought to describe the the world- 
volume of N M2-membranes placed at the singularity of R^/Zk- This is because 
it may be possible to enhanced the supersymmetry of this theory to = 8 
supersymmetry [6]. Furthermore, if this is done then a 50(8) i?-symmetry at 
Chern-Simons levels k — 1,2 will also exists for this theory. 

Chern-Simons theory in N = 1 superspace formalism has also been used in 
analysing the low energy approximation of the action for M-theory with N = 8 
supersymmetry [5|. This was done by constructing a manifestly SO(7) invariant 
super-potential which for specially chosen couplings, reproduced the Bagger and 
Lambert action [2l|3j. Hence for these values of the coupling constants full 50(8) 
symmetry was restored. Chern-Simons theory in = 1 superspace formalism 
has also been used for studding the ABJM theory [S]. By using the Higgs 
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mechanism higher-order terms that occur in the low energy approximation of 
the action for M-theory have been analysed in this N = 1 superspace formalism. 

The presence of a NS antisymmetric tensor background is a source of space- 
time noncommutativity in string theory |101 lllj . Now as string theory intro- 
duces noncommutativity in spacetime, so field theories with spacetime noncom- 
mutativity have been thoroughly studied }12)-|17|. The extension of spacetime 
noncommutativity to superspace noncommutativity is related to the presence 
of other background fields. The RR field strength backgrounds give rise to 6-9 
type deformations [HI [TH] and a gravitino background give rise to x-9 defor- 
mation [20]. As superspace noncommutativity also arises in string theory, field 
theories with superspace noncommutativity have also been thoroughly studied 
[in]- [IS]. However, the presence of 9-9 deformation breaks half of the super- 
symmetry. As we want to retain all the supersymmetry in our theory, we not 
include the 9-9 deformation of the ABJM theory, in this paper. It may be noted 
that even though this is the first work on noncommutative deformation of the 
ABJM theory, we analyse both the x-x and x-9 deformations at the same time. 
This because we use a similar formulism to analyse both these deformations. 

Due to the duality between M-theory and // string theory, we expect that a 
deformation of the super algebra on the string theory side will also correspond 
to some deformation of the super algebra on the M-theory side. It is interesting 
to note that a three-form field strength occurs naturally in M-theory. Besides 
that M2-branes in M-theory can end on M5-branes. In this sense M5 branes in 
M-theory act as analogous objects to a D-brane in string theory. So we expect 
that coupling the ABJM theory to a background three-form field could lead 
to a noncommutative deformation of its super algebra, just like a background 
two-form field strength leads to a noncommutative deformation of the super 
albegra of D-branes. This can be useful in describing the physics of Af2-branes 
ending on M5-branes. It may be noted that action for a single M5-brane can 
be derived by demanding the /t-symmetry of the open membrane ending on it 
[2S] Thus the analysis of ABJM theory coupled to a background three-form 
field strength might give some useful insights into understanding the dynamics 
of multiple M5-branes. This will be interesting because even though the action 
for a single M5-brane is known, the action for multiple M5-branes is not known 

mm- 

We will thus analyse the noncommutative deformations of the ABJM theory 
that is expected to occur due to the coupling of the ABJM theory with the 
background three-form field strength that occurs naturally in the M-theory. As 
the ABJM theory is composed of two Chern-Simons theories suitably coupled 
to matter fields, a Seiberg-Witten map will hold for the noncommutative ABJM 
theory because it is known to hold for noncommutative Chern-Simons theories 
[321 ES] • We thus analyse this noncommutative ABJM theory by relating the 
noncommutative fields in it to ordinary commutative fields. The product of 
these noncommutative fields will then induces a star product for the ordinary 
commutative fields. 

The BRST and the anti-BRST symmetries for gauge theories have been 
thoroughly studied [31] . In fact it is known that for the Yang-Mills theories in 
Landau and non-linear gauges the algebra generated by the BRST and the anti- 
BRST transformations along with f P-conjugation is a sub-algebra of a larger 
algebra called Nakanishi-Ojima algebra [35] -[31]. The effect of addition of a bare 
mass term on the BRST and the anti-BRST symmetries has also been analysed 
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in the non-linear gauges [JO] . The BRST symmetry for the Chern-Simons theory 
has also been thoroughly investigated [351 SI] • The BRST symmetry of iV = 1 
abelian Chern-Simons theory (42i and A'^ = 1 non-abelian Chcrn-Simons theory 
[13] has been analysed in the superspace formalism. The BRST symmetry of 
noncommutative pure Chern-Simons theory has also been analysed 011 [42 • We 
will analyse the BRST and the anti-BRST symmetries of this deformed AB JM 
theory. The main focus of this paper will be the generalization of some known 
results about the BRST and the anti-BRST symmetries in Yang-Mills theories 
to this deformed ABJM theory. In particular we will show that, in certain 
gauges, the sum of this deformed ABJM theory along with a gauge fixing term 
and a ghost term is invariant under a set of symmetry transformations which 
obey SL{2, R) algebra. This is a similar to the invariance of Yang-Mills theories 
under the Nakanishi-Ojima Algebra [35] ■ Furthermore, it is known that the 
evolution of the ^-matrix in the Yang-Mills theories in massive Curci-Ferrari 
gauge is not unitary because the bare mass term breaks the nilpotency of the 
BRST and the anti-BRST transformations 00]. We will show that a similar 
result holds for this deformed ABJM theory in massive Curci-Ferrari gauge. 
Thus we will show that for ABJM theory the unitarity of ^-matrix is violated 
in massive Curci-Ferrari gauge due to the breaking of nilpotency of the BRST 
and the anti-BRST transformations. 



2 Deformation of ABJM Theory 

In this section we will deform the superspace of ABJM theory without breaking 
any supersymmetry. To do so we define 6°" as a two-component Grassmann 
parameter and let y'" = a;'' + (?"(7^)[^0(,. Then we promote them to operators 9°" 
and y'^ such that they satisfy the following deformed superspace algebra [20) . 

[y^r] = s'^^ [r,n^A^^\ (i) 

This is the most general deformation that we can have without breaking any 
supersymmetry [19] . We use Weyl ordering and express the Fourier transfor- 
mation of a superfields on this deformed superspace, as 

XiyJ) = J d^kj d?TT e-^'^y-''^ X{k,n). (2) 

Now we have a one to one map between a function of 0, y to a function of 
ordinary superspace coordinates 9, y via 

X{y,9) = J d'^'^J d^n e^'^y-""^ X{k,T:). (3) 

Now as we have a one to one map between superfields on this deformed super- 
space with superfields on the undeformed superspace, we can define the product 
of two superfields on this deformed superspace. To do that we can express the 
product of two superfields X{y,9)Z{y,d) on this deformed superspace, as 



X{y, e)Z{y, 9) = / d^fcid^fca / d^nid^TT2 exp -i{{ki + fca)^ + (^i + tt2)9) 

xexp(iA)X(fci,7ri)Z(fc2,7r2), (4) 
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where 



exp(zA) = exp {B^-'klkl + A^'^inX - 



So we can now define the star product between ordinary functions as follows: 



(5) 



X{y,0)^Z{y,e) = e^p-'-{B^''dldl+A'^'^{dldl~dldl)) 

xX{y,,9,)Z{y2, 6^) \y,=y,=y, e,=e.=e ■ (6) 

The star product reduces to the usual Moyal star product for the bosonic non- 
commutativity in the hmit A"^ — 0. Furthermore, when both B^'^ = A"''^ = 0, 
then the star product reduces to the ordinary product. It is also useful to define 
the following bracket 

2[X,Z]^^X*Z±Zi.X, (7) 

where the relative sign is negative unless both the fields are fermionic. 

Now we construct the classical Lagrangian density with the gauge group 
U{N)k X C/(7V)_fc f9^, on this deformed superspace, 



C, = C 



M 



c 



cs 



^cs, 



(8) 



where Ccs and Ccs a-re deformed Chern-Simons theories with gauge group's 
U{N)k and U{N)^k respectively. They can thus be expressed as 



^cs 



-cs 



k 

2^ 



k 

2^ 



(fOTr 



(feTr 



-[r",r''],*[r,,rfc]. 



(9) 



where k is an integer [IB] and 
1 



- -D''DaTb-t[T\DbTaU--[T'',[n,TalU 

Coa = lD''Datb-^[r\DhtaU-l[r\[h,raU*■ 



(10) 



Here the super-derivative Da is given by 



(11) 



and 'I' means that the quantity is evaluated at 9a — 0- In component form the 
Ta and Fa are given by 



ra^Xa+B9a + ^{jnaA,,+ie^ 
ra=Xa+Bea + ^{jnaA^+ie^ 



(12) 
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The Lagrangian density for the matter fields is given by 



where 



M 



i I d^9Tr 



\Y)a 



+ [V^r) * * ^a(Y) * Yj] + ^ V. 



DaX^'f + if a * X^'f - iX^^f * r„ 



and V* is the potential term given by 

This model reduces to the regular ABJM theory when B'^" = A'^"' = 0. 



(13) 



(14) 



(15) 



3 Linear Gauge 

All the degree's of freedom in the Lagrangian density for this deformed ABJM 
theory are not physical because it is invariant under the following gauge trans- 
formations, 



SX' = i{A*X^ - X' *A), 
SY' =i{Ai<Y^ -Y^ *A), 



5r„ = Va*A, 

SX'^ = i{AirX'^ ~ X^UA), 

dY^'' =i{A*Y''' -Y^UA), (16) 



where 



(17) 



So we have to fix a gauge before doing any calculations. This can be done by 
choosing the following gauge fixing conditions, 



(18) 



These gauge fixing conditions can be incorporate at the quantum level by adding 
the following gauge fixing term to the original Lagrangian density, 



gf 



(f9Tr 



b * {D'^Ta) + ^b*b-ib* (D»f„) + ^b*b 



(19) 



The ghost terms corresponding to this gauge fixing term can be written as 

Cg^^ I cfe Tr[c*D''Va*c-i-kD''Vai<c]i. (20) 
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The total Lagrangian density obtained by addition of the original classical La- 
grangian density, the gauge fixing term and the ghost term is invariant under 
the following BRST transformations, 



S = Va * C, 

sc = -[c,c]^, 
sc= b, 

sb = 0, 



= Vo *c, 
sc = -b- 2[c,c]*, 

sc= -[c, c]^, 
sb = — [fe,c]*, 

sX''' ^i{d*X^'' - X'Uc), 



(21) 



This total Lagrangian density is also invariant under the following anti-BRST 
transformations , 



sTa = Va *C, 

sc= -6-2[c,c]*, 
sc = -[c,c]*, 

sb = -[b,c]^, 
i{ci.X' ~ X' -kc), 
sY' = i{7-i.Y' - Y' -kc), 

Both these sets of transformations are nilpotent. 

[s,s]* = = 0. 



sX' 



[s,c]* = 6, 
si. = -[c,c]*, 
s6 = 0, 

sX-^t =i(g^X'^t_x^Uc), 



(22) 



(23) 



In fact they also satisfy [s,s]* = 0. Here star product means that any product 
of fields in the transformation be treated as a star product. We can now express 
the sum of the gauge fixing term and the ghost term as 



gf 



gh 



-I 



d^OsTr 



c* 



I 



= / dPesTr 



C-k 



(24) 



Thus the sum of gauge fixing term and ghost term can be expressed as a total 
BRST or a total anti-BRST variation. In Landau gauge, a = 0, and so we have 



^gh + -Cfl/ 



/ 



(f0sTr 
(fOsTr 



c*(OTa)-S*(OT,) 
c*(D«r„)-c*(D«f„) 



(25) 



In fact in Landau gauge we can express the sum of the gauge fixing term and 

the ghost term as a combination of the total BRST and the total anti-BRST 
variation. Thus in Landau gauge sum of the gauge fixing term and the ghost 
term is given by 



r 61 ssTr[r" -r"*r„]|. 



(26) 
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4 Non-Linear Gauges 



For Yang-Mills theories in Curci- Ferrari gauge sum of the gauge fixing term and 
the ghost term can also be expressed as a combination of the total BRST and 
the total anti-BRST variation, for any value of a [351 ■ t^i^ section we will 
show that the sum of the gauge fixing term and the ghost term for this deformed 
ABJM theory in Curci-Ferrari gauge can also be expressed as a combination of 
a total BRST and a total anti-BRST variation, for any value of a. The BRST 
transformations for the deformed ABJM theory in Curci-Ferrari gauge are given 

by 



sY' 



SC^ -[5, c]^. 



sb^ -[6, c]* - [c, [c, c]*]*, 

sc = 6 - [c, c]*, 

sb= -[b,c]^ - [c, [c, c]*]* 

sc^b- [c, c]^, 

sX^'f ^i{£i.X^' - X^Uc), 

sY^^ ^i{ci.Y^^ -Y^U£). (27) 



The anti-BRST transformation for this theory in Curci-Ferrari gauge are given 

by 



sc = -[c, c]*, 

sTa = Va *C, 

SC = -[c, c]*, 
i{c*X^ - X^ i.^), 
-- i^^Y^ - Y^ -kc), 

Both these sets of transformations are also nilpotent 

[s, s]* = [s, s]* = 0. 



-sX' . 
sY' 



sb = -[6,c]* + [c, [c,c]*]*, 
sc = -6 - [c, c]*, 
sb = -[fe,c]* + [c, [c,c]*]^, 
sc -6 - [c, c]*, 
sX-^t =i(g*X'^t _x^Uc) 



(28) 



(29) 



In fact they also satisfy [s,s]^, = 0. We can now write sum of the gauge fixing 
term and the ghost term for this deformed ABJM theory as a combination of a 
total BRST and a total anti-BRST variation, as 



^gh + ^, 



■9/ 



i^e ssTr 



(fOssTr 



r° ★ Fa - F'' ★ Fq - ac c ★ c 
F" ★ F„ - f'^ ★ f. 



aC-k Ca 



-ac -k c 



(30) 



In Yang-Mills theory the effect of the addition of a bare mass to the sum of gauge 
fixing term and the ghost term has been analysed |40j. We can also generalise 
Curci-Ferrari gauge in the deformed ABJM theory to the massive Curci-Ferrari 
gauge by the addition of a similar bare mass term. Thus we can also write the 
massive Curci-Ferrari type of Lagrangian density for deformed ABJM theory, 
as 



9/ 



(f e [ss 



ira 1 Tr 
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i y Se[ss- im^] Tr 



V^Ta-V^Ta-aci^c 
+aS*c]|. (31) 



The BRST transformations for the deformed ABJM theory in this massive 
Curci-Ferrari gauge are given by 

s Ta = Va ★ c, s 6 = im^c ~ [b, c]^, - [c, [c, c]*]*, 

sc= -[c,c\i,, sc = b - [c,c]i,, 

sTa = Va* c, sb = irn^c - [6, c]^ - [c, [c, c]*]* 

sc^ ~[c,c\i,, sc = b-\c.,c\i,, 

sX' ^ i{ci.X' - i.d), sX^'' ^i{di.X'^ - X'Uc), 

sY^ = i{d*Y' -Y' *c), sY^'i = i{c*Y'^ -Y^'' (32) 

Similarly the anti-BRST transformation for the deformed ABJM theory in this 
massive Curci-Ferrari gauge are given by 

sTa = Va*c, sb = irn^c - [6, c]^ + [c, [c, c]*]*, 

sc=-[c,c]*, lc = -b-\c,c\i,, 

sfa = Va*c, sb = irn^c - [6, c]* + [c, [c, c]*]*, 

sc=-[c,c]*, 'sc= -b~\c,c\i,, 

sX^ = i{ci.X^ - X^ i.c), sX-^t ^ i(^*X^^ -X^Uc), 

sF-f = i(5*r^-r^*c), sF-^t ^ i(c*y^^ - y^U^). (33) 

The addition of bare mass term breaks the nilpotency of the BRST and the 
anti-BRST transformations. The BRST and the anti-BRST transformations 
now satisfy 

[s,s]^ = - 2im2. (34) 

However, in the zero mass limit, the nilpotency of the BRST and the anti-BRST 
transformations is restored. 



5 Nakanishi-Ojima Algebra 

In Yang-Mihs theory it is known that when ever the sum of the gauge fixing 
term and the ghost term can be written as a combination of the total BRST 
and the total anti-BRST variation, the total Lagrangian density is invariant 
under a set of symmetry transformations which obey SL(2,R) algebra |36) . 
Now for the deformed ABJM theory in in the Landau and non-linear gauges, 
the sum of gauge fixing term and ghost term is expressed as a combination 
of the total BRST and the total anti-BRST variation, so we expect the total 
Lagrangian density for this deformed ABJM theory will also be invariant under 
a set of symmetry transformations which obey SL{2, R) algebra. In fact in 
these gauges the deformed ABJM theory is also invariant under the following 
transformations, 

(Si6=[c, c]*, (5i6=[c, c]*, Sic = 0, 
i5i c = 0, (5ic = c, 5ic = c, 
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5i Ta = 0, Si fa = 0, Si X' - 0, 

SiX^^'^O, (52 6 =[c,c]*, S2b^[c,c]i,, 

(52^ = 0, (52^^ = (52X^t^0. (35) 

In the Laniiau and Curci-Ferrari gauges these transformations, the BRST trans- 
formation and the anti-BRST transformation along with the -FP-conjugation 
form the Nakanishi-Ojima SL{2,R) algebra, 

[s,s]* = 0, [s,s]^=0, 

[s,s], = 0, [Si,S21 = -2Sfp 

[(5i,(5_Fp]^ = -4(5i, [S2,Sfp]* = 4:S2, 

[s, Sfp]^, = -2s, [s, SfpU = 2s, 

[s,(5i]^==0, [s,(5i]* = -2s, 

[s,(52], =2s, [s,(52]* = 0. (36) 

This algebra gets modified due to the presence of the bare mass term in the 
massive Curci-Ferrari gauge. This is because the nilpotency of both the BRST 
and the anti-BRST transformations is broken by the addition of a bare mass 
term. However, even though the nilpotency of the BRST and the anti-BRST 
transformations broken, the i^P-conjugation is not broken in the massive Curci- 
Ferrari gauge. Thus we are able construct a algebra for the set of symmetric 
transformations in the massive Curci-Ferrari gauge. This algebra for the set of 
symmetric transformations in the massive Curci-Ferrari gauge is given by 

[s, s]^, = —2im^Si, [s, s]* = 2im^(52, 

[s,s]^^2im'^SFP, [6i,S2]i, = -2Sfp 

[Si,Sfp]^ = -4:Si, [52,Sfp]* ^ 4:52, 

[s, Sfp]^ = -2s, [s, Sfp]* = 2s, 

[s,(5i]^ = 0, [s,<5i]* = -2s, 

[s,52], = 2s, [s,(52]. -0. (37) 



6 Conserved Charges 

In conventional commutative field theories for every symmetry under which the 
Lagrangian density is invariant there is a conserved charge obtained from a 
divergenceless current associated with that symmetry of the theory. In non- 
commutative field theories even though the variation of the action vanishes for 
all local parameters of transformation, the divergence of the current need not 
vanish. However, for conventional noncommutative field theories the divergence 
of the current is equal to the Moyal bracket of some functions . This Moyal 
bracket vanishes for the space-like noncommutativity when we integrate on the 
continuity equation over all spatial coordinates in order to obtain the time vari- 
ation of the charge ^T}. Consequently, the charge associated to a symmetry 
transformation commutes with the Hamiltonian of the theory in this case. A 
similar result will hold for star bracket if we are again restricted to spacelike 
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noncommutativity. Here again the charge associated with a symmetry transfor- 
mation will commutes with the Hamiltonian of the theory. So from now on we 
shall be restricted to discussions of spacelike noncommutativity. So for two local 
functions X and Z associated with a symmetry, the divergence of the current 
will be given by 

[X,Z]^ = 2V^'^J^, (38) 

where X"* is the ordinary covariant derivative. As we have restricted the discus- 
sion to spacelike noncommutativity, we get 



/ 



(fiy [X,Z], = 0. 



The conserved charge is given by 



Q = 



(39) 



(40) 



The currents associated with the noncommutative BRST symmetry J'^^^ and 



the noncommutative anti-BRST symmetry J^'^^ are given by 

j dp err 



1 1^ 



dLeff 9Leff dLeff 

J ★ s Tb + -ksc+ *sc 

dVf^Tb dV^c dV^c 

+ , -ksh+ ^_ J -k sTa+ „_ 1 ★ S C 



dV^b 

H ^ ★sc- 

dV^c 



dV^Ta 

i4 -k sb- 

dV^b 



dV^c 



dL 



dL 



eff 



■k S 



dL 



eff 



dv^x^ 

■ksY^ 



*sX^ 



/ 



d^0Tr 



" ★srfc+ -ksc+ „J^i -kSC 



b 



dV^c 



, dLeff _ dLeff _-p, dLeff 
+ , 'ksb+ J 'ksTa+ „_ 1 ★ S C 



dV^b 

, dLeff _~ 

+ - *sc- 



dV^c 



dV^Ta 

dLeff _r 

^ -k sb- 

dV^b 



dV^c 



dLe 



ff . TT 



dLe 



ff 



dV^Xi^ 



■k S 



dL 



eff 



dv^yi 



dV^X^ 
■ksY^ 



, dLeff _ 7+ 



(41) 



where 



/ 



^ [Leff]\ = + Cgh + Cgf. 



(42) 



Hence, the BRST charge Qb and the anti-BRST charge associated with the 
currents J^^s^ and J^g-^ are conserved. 



Qi 
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Qi 



= I d'y J%y (43) 



The BRST charge Q b and the anti-BRST charge Qq are both nilpotent for all 
gauges except the massive Curci-Ferrari gauge, 



QI = QI= 0. (44) 
However, for massive Curci-Ferrari gauge these charges are not nilpotent 

Ql + 0, 

Q\ ¥^ 0. (45) 

The nilpotency of and Qg is very important to isolate the physical Hilbert 
space and prove the unitarity of the S'-matrix. This is what will be done in the 
next section. 



7 Physical Sub-Space 

The total Lagrangian which is formed by the sum of the original Lagrangian, the 
gauge fixing term and the ghost term is invariant under the noncommutative 
BRST and the noncommutative anti-BRST transformations. As the charges 
Qb and are nilpotent for all gauges except the massive Curci-Ferrari gauge, 
so their action on any field twice will vanish for all gauges except the massive 
Curci-Ferrari gauge. So for any state \(j)) in a gauge other than the massive 
Curci-Ferrari gauge, we have 

= 0, 

QI\4') = 0. (46) 

We shall now restrict out discussion to gauges other than the massive Curci- 
Ferrari gauge. The physical states \4>p) can now be defined as states that are 
annihilated by Qs 

Qb\(I>p) = 0. (47) 
We can also define the physical states as states that are annihilated by Qb 

Qb\^p)=0- (48) 

We will obtain the same result by using any of these as the definition for the 
physical sates. Now as we get the same physical result by using either the non- 
commutative BRST or the noncommutative anti-BRST charge, we will denote 
them both by Q, so Q represents both Qb and Qb- Thus the physical states 
Ql^p) are annihilated by Q, 

Q\cl>p) = 0. (49) 

This criterion divides the Fock space into three parts, HajHi and 'H2- The 

space TLi, comprises of those states that are not annihilated by Q. So if is 
any state in Hi, then we have 

Q\^i) ^ 0. (50) 
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The space 7^2 comprises of those states that are obtained by the action of Q on 
states belonging to T-Li- So if 1^2) is any state in 7^2, then we have 



\<P2)=Q\cf>i). (51) 

Thus we have 

Q|</)2) =Q2|0i) = 0. (52) 

So all the states in H2 are annihilated by Q. The space Ho comprises of those 
states that are annihilated by Q and are not obtained by the action of Q on any 
state belonging to Hi. So if |0o) is any state in Ho, then we have 

Q\<Po) = 0, (53) 
l-^o) 7^ Q\<Pi). (54) 

Clearly the physical states \4>p) can only belong to Ho or H2- This is because 
any state in Hq or H2 is annihilated by Q. However, any state in H2 will be 
orthogonal to all physical states including itself. 

{^p\h) = (0pi(gi0i)) 

= ((0p|g)|<^i>=O. (55) 

Thus two physical states that differ from each other by a state in H2 will be 
indistinguishable, 

\^p) = \<Pp) + 1-^2). (56) 

So all the relevant physical states actually lie in Ho- 
Now if the asymptotic physical states are given by 

\(t>pa,out) = \(ppa,t^ 00), 
\4>pb,in) = \(ppb,t ^ -00), (57) 

then a typical <S-matrix element can be written as 

{4>pa,out\4'pb,in) = {(ppal'S'' S\(t)pb) . (58) 

Now as the noncommutative BRST and the noncommutative anti-BRST charges 
are conserved charges, so they commute with the Hamiltonian and thus the time 
evolution of any physical state will also be annihilated by Q, 

QS\(l>pb) = 0. (59) 

This implies that the states S\<ppb) must be a linear combination of states in Ho 
and 7^2- However, as the states in H2 have zero inner product with one another 
and also with states in Ho, so the only contributions come from states in Ho- 
So we can write 



\S^S\<l)pb) = J2i'Ppa\^^\<^0,^){<^0,^\S\M. (60) 



Since the full <S-matrix is unitary this relation implies that the S-matrix re- 
stricted to physical sub-space is also unitarity. It may be noted that the 
nilpotency of the noncommutative BRST and the noncommutative anti-BRST 
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charges was essential for proving the unitarity of the resultant theory. Now as 
the noncommutative BRST and the noncommutative anti-BRST charges are 
not nilpotent in the massive Curci-Ferrari gauge, 

qI\cI,) ^ 0, (61) 
so the S does not factorise in the massive Curci-Ferrari gauge 

{cj,pa\S^S\<Ppb) + ^(0pa|5t|</'O,.)('/'O,.|5|0pfc), (62) 
i 

and thus the resultant theory is not unitarity. However, even though this non- 
commutative deformation is not unitary in the massive Curci-Ferrari gauge, the 
nilpotency is restored in the zero mass limit. Thus the unitarity is also restored 
in the zero mass limit. 

8 Conclusion 

In this paper we studied a noncommutative deformation of the ABJM theory in 
TV = 1 superspace formalism. In performing our analyses the noncommutative 
fields were related to ordinary ones and the product of these noncommutative 
fields was related to a star product of ordinary fields. The main focus of the 
paper was to generalize some results that are known for Yang-Mills theories 
to this deformed ABJM theory. So we analysed the behaviour of the BRST 
and the anti-BRST symmetries for this deformed ABJM theory, is linear as 
well as non-linear gauges. We have expressed the sum of gauge fixing term and 
the ghost term for this deformed ABJM theory as a combination of the total 
BRST and the total anti-BRST variation, in the Landau gauge. Furthermore, 
this was achieved for an arbitrary value of a by the making the BRST and 
the anti-BRST transformations non-linear. The addition of a bare mass term 
violated the nilpotency of the BRST and the anti-BRST transformations and 
this in turn breaks the unitarity of the theory. We have also shown that in 
Landau and Curci-Ferrari gauges the deformed ABJM theory is invariant under 
Nakanishi-Ojima SL{2,R) algebra. We also have also analysed the efi'ect that 
the addition of a bare mass term has on this algebra. 

In Yang-Mills theories the presence of non-linear terms gives rise to an effec- 
tive potential whose vacuum configuration favours the formation of off-diagonal 
ghost condensates [17]. The ghost condensation in Yang-Mills theories also oc- 
curs in the Landau gauge [48]. The ghost condensation in Yang- Mills theories 
breaks the SL{2, R) symmetry which exists in these gauges. It will be interest- 
ing to investigate if the ghost condensation in this deformed ABJM theory also 
leads to a dynamic breaking of SL{2, R) symmetry. 

The infinite temporal derivatives occur in the product of fields for this non- 
commutative ABJM theory due to B^^^ and A"". This will give rise to non-local 
behaviour in the deformed ABJM theory. This in general will lead to a vio- 
lation of the unitarity of the deformed ABJM theory. However, if we restrict 
the deformation of the ABJM theory to spacelike noncommutativity i.e., we set 
J^a^^ _ ^Oa _ then this problems will not occur. It will then be possible 
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to construct the Norther's charger's corresponding to the BRST and the anti- 
BRST symmetries and use them to project out the physical states. It will be 
interesting to construct these BRST and anti-BRST charger's for this theory 
and use them to find the physical states in this theory. As the nilpotency of 
the BRST and the anti-BRST transformations is violated in the massive Curci- 
Ferrari gauge, so we expect that unitarity will also be violated in that gauge, 
even after restricting to spacelike noncommutativity 

ABJM theory has been used to study various examples of AdS^/ CFT^ corre- 
spondence [in]- [53]. In fact AdSi/CFT^ has also been used to analyse fractional 
quantum Hall effect [Sj- Fractional quantum Hall effect in ABJM theory has 
also been analysed [55]. In ABJM theory D6-branes wrapped over AdS^ x jZi 
in type II A super-string theory on AdS^ x CP^ give its dual description with 
= 3 supersymmetry. In the presence of fractional branes, the ABJM theory 
can model the fractional quantum Hall effect, with fields regarded as the 
external electric-magnetic field. In this model addition of the flavour D6-brane 
describes a class of fractional quantum Hall plateau transition. It will be inter- 
esting to analyse fractional quantum Hall effect, with i?i?-fields regarded as the 
external electric-magnetic field in the deformed superspace. We can expect that 
addition of the flavour D6-brane might describes a class of fractional quantum 
Hall plateau transition in the deformed superspace ABJM theory also. 
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